We consider the effect of adding a CP-odd, θFF -term to the electroweak Lagrangian without fermions. This term affects neither the classical nor perturbatively quantum physics, but can be observed through non-perturbative quantum processes. We give an example of such a process by modifying the theory so that it supports Higgs-winding solitons and showing that the rates of decay of these solitons to specific final states are CP violating. We also discuss how the CP symmetry is restored when fermions are included.
I. INTRODUCTION
In Quantum Chromodynamics (QCD) it is well known that violation of the charge-parity (CP) symmetry can appear through the inclusion of a CP-odd total divergence ∆S QCD = θ QCD 16π 2 d 4 x Tr F µνF µν (1.1) in the action [1, 2] . Here F is the SU(3) field strength tensor and θ QCD is a dimensionless parameter. This modification does not affect the classical equations of motion and introduces no additional Feynman graphs in perturbation theory. It is only through nonperturbative quantum phenomena that this CP-odd surface term can be observed. In particular, the electric dipole moment of the neutron is affected by the presence of this term. Nevertheless, no dipole moment is observed and the tight experimental upper bound on this quantity translates into the constraint θ QCD ≤ 10 −9 [3] .
The manifestation of (1.1) in physical observables is complicated. Calculations deriving the relevant effects invoke dynamical chiral symmetry breaking and other phenomenological insights into strong physics. It seems useful to identify other manifestations of this type of total divergence to ascertain how they work.
If one introduces a term analogous to (1.1) in the standard electroweak theory, with F being the SU(2) gauge field strength, it has no observable effect. The chiral coupling of fermions to the SU(2)-gauge fields allows the term to be eliminated by performing a phase rotation on quark and lepton fields [4] . Thus a total divergence of the form (1.1) is unobservable in the standard electroweak theory.
Nevertheless, if one considers the electroweak theory without including fermions, then it should be possible to observe the total divergence. We will look for CP violating effects which arise from this term. Generally it is difficult to demonstrate such effects unless nonperturbative phenomena are identified. In this paper we alter the electroweak theory so that it supports classically stable solitons [5] [6] [7] , thereby introducing nonperturbative objects into the spectrum. We show that the rate of decay of these solitons to specific final states is CP violating and briefly discuss how the CP symmetry is restored when fermions are included.
II. PRELIMINARIES
Consider the bosonic sector of the electroweak theory as an effective field theory. In addition to the usual terms, assume that the Lagrangian density for this theory contains a gauge invariant, CP-even, Skyrme term [5, 6] which stabilizes Higgs winding configurations as solitons. For simplicity consider only the SU(2) gauge fields. The action is
where
Here g = 0.65 is the gauge coupling constant, the Higgs vacuum expectation value (VEV) is v = 247GeV, and the gauge and Higgs boson masses are m = 1 2 gv and m H = √ 2λv
respectively.
The action S 0 is invariant under the usual CP-transformation
where σ i (i = 1 . . . 3) are the Pauli matrices. Now consider adding the term
to the action. In the absence of chirally coupled fermions, this term cannot be rotated away and we assume throughout this paper that there are no fermions present. In particular, (2.4)
is CP-odd, and thus we expect there to be CP violating processes associated with the new term. Moreover, as a consistency check, such processes should no longer be present if one introduces fermions and we shall demonstrate that this is the case.
III. SOLITON DECAYS
Consider for the moment the action (2.1) in the limit where the Higgs self-coupling λ → ∞ and the gauge fields decouple, g → 0. In this limit we recover the Skyrme action [5] . Such a theory is known to support Higgs-winding topological solitons
where F (r = 0) = π and F (r → ∞) → 0. Defining
the winding number is
and the configuration (3.1) has w[Φ] = 1. Now, if we allow a finite Higgs self-coupling, one may identify a sequence of configurations which connects the soliton to a classical vacuum configuration. All such paths must go through a configuration where Φ = 0 at some point in space. For this particular configuration, the winding number of the Higgs field is not defined. If λ is very large, the soliton remains classically stable and any configuration close to (3.1), but for which Φ is not on the vacuum manifold (i.e., where TrΦ † Φ = v 2 ), has much larger energy than that of the soliton.
However, if λ → 0, the configuration (3.1) is no longer stable and there exist sequences of configurations with monotonically decreasing energy that connect (3.1) to the vacuum.
These opposite limits imply that there is a value λ * (e) of the Higgs self-coupling for which the classical soliton is critically stable.
If we restore the gauge fields, there exists a second class of sequences of configurations that connect the soliton to a classical vacuum configuration [7, 8] . For this class, the gauge field aligns with the Higgs field such that they both have the same winding. In the limit where the gauge coupling is small, the soliton (3.1) is classically stable. However, as the parameter ξ = 2. Paths that do not go through a zero of the Higgs field (ie. paths for which FF = 0).
The barrier height in this direction is controlled by the parameter (ξ − ξ * ) > 0. Now let us use these ingredients to construct a process through which we can observe the effect of the term (2.4).
A. Configuration Space Picture
Consider the quantum transition amplitude out|T |s between asymptotic states, where |s is the properly quantized soliton state and |out is a state of a definite number of W particles built on top of a vacuum configuration in unitary gauge. This amplitude has two components out|T |s = class 1
Now, although FF is not well-defined [9] , in this subsection, we will treat the integral as if the initial and final states were pure gauge. Then FF = 0 for paths of class 1 and FF = 1 for paths of class 2. In the next subsection, we discuss a more proper treatment of FF . The previous expression becomes
where A 1 and A 2 are in general complex. Now compare this process to the CP conjugate process. Since S 0 is CP invariant, we obtain
where we have written CP|s = |s , the antisoliton state, and CP|out = |out .
B. Hamiltonian Picture
We noted above that FF is not well-defined [9] . In order to avoid this complication, let us recall that an FF -term is equivalent to having a θ-vacuum in the Hamiltonian formalism. In this picture, the θ-dependence is entirely in the states and not in the Hamiltonian.
In configuration space, we no longer identify configurations which differ by a large gauge transformation so that we now have vacuum (and soliton) multiplicity. The local minima, around which states are built, are labeled as |n and satisfy T |n = |n + 1 , where T is a large gauge transformation. In a similar way we label the soliton configurations so that |s, n is the state with w[Φ] = n + 1 which may be connected to the vacuum configuration |n by a sequence of configurations that goes through exactly one Higgs zero. Similarly, the antisoliton configurations are labelled |s, n and are those configurations with w[Φ] = n − 1 which may be connected to the vacuum configuration |n by sequences of configurations that goes through exactly one Higgs zero. Now, the following states are gauge invariant and should be used for describing physical
Moreover, there exist distinct sectors of the theory, parametrized by θ. In this picture, consider the decay of the soliton |s, θ to the states built around the classical vacuum state.
We apply the same procedure to the amplitude out, θ|T |s, θ . Noting that 10) by CP invariance of the Hamiltonian, we recover the results (3.5) and (3.6) of the previous subsection.
C. The Process
Let us identify an appropriate final state. First note that this is a quantum process, so it is necessary to properly quantize the soliton state [10] . This involves taking into account the zero modes of the classical soliton configuration in order to construct a state |s with definite quantum numbers. The elements of the translational zero mode may be superposed to create a definite momentum state with center of mass momentum P = 0. Similarly, the elements of the rotational/isorotational zero mode may be superposed to create states with
, 1, . . ., (see the appendix for the details of this procedure). Which choice of weak-isospin/spin is appropriate depends on the specific physics underlying the Higgs sector.
To be definite, here we choose I = J = 0.
If the soliton mass is not much larger than its inverse size, we expect that the soliton will decay predominantly to states with a small number of W-particles. Consider the case where the final state contains two W 0 particles (those particles that become the Z 0 's when hypercharge is included), and where both particles have a definite z-component of spin, m = 1. Then, we define our final state as
The CP conjugate state, |out , is then identical to |out with k → −k, since parity takes k → −k, and the effect of charge conjugation is to take W 0 to itself. Note that because the particles are indistinguishable, |out is in fact identical to |out itself. Also, the total angular momentum is zero and we have a chosen a total spin state S = 2. Thus, the orbital angular momentum must be L = 2. The amplitudes of interest are therefore functions only of cos 2ϕ, where ϕ measures the angle between the momentum for one of the particles and the +z-axis.
We can now identify a parameter which characterizes the CP violation. Consider the difference between the differential probabilities to decay into a specific two-particle final
This may be expressed as
M s 2 − m W 2 and M s is the mass of the soliton. Note that, in the limit in which there is no CP violation (θ = 0), this quantity vanishes.
IV. AMPLITUDES FROM SEMICLASSICAL METHODS

A. The Framework
We perform the estimate of ∆ CP in the following way. Describe the quantum soliton as a coherent state around the classical soliton configuration, in the spherical ansatz [11] . The zero modes must be properly accounted for to ensure that the soliton has the right quantum numbers. This coherent state tunnels along the minimal Euclidean path underneath the appropriate energy barrier and, once the state emerges, it evolves along a path in configuration space corresponding to a classical solution of the Euler-Lagrange equations. Such a solution then dissipates and asymptotically approaches a solution to the linearized spherical equations of motion. We write these linearized classical solutions as f n ia (k), where n = 1, 2 labels the path. Thus, in unitary gauge, the field variables associated with these classical solutions are
Writing the coherent states built around f 1 ia (k) and f 2 ia (k) as |f, 1 and |f, 2 and taking the overlap between these states and the final state of interest, we obtain
where e iS 1 and e iS 2 are the respective saddle-point evaluations of the coherent state path integral around the extremal paths of type 1 and 2.
Using equations (A12) and (A13) in the appendix, we can write down expressions for |f, 1 and |f, 2 in terms of f 1 ia (k) and f 2 ia (k). Then, with the final state (3.11), the matrix elements out|f, n can be expressed as
, ϕ is defined as the angle between the vector k and the spin-quantization direction and
Note that B n is only a function of k 2 since the f n ia (k) are in the spherical ansatz. Putting this all together yields
It remains to estimate the quantities entering this expression in a controlled regime.
B. The Limit
In order to perform a controlled estimate, we work in the following limit:
Focus first on tunneling via path 1. In the limit above, the gauge fields decouple from the soliton, and the properties of the soliton are completely determined by the Higgs dynamics.
In particular, for the Skyrme model we are considering, this implies
The 
Thus, the amplitude is not further supressed by having a small number of particles in the final state, implying out|f, 2 ∼ O(1). Moreover, the configuration that emerges from under the barrier is already linearized, which implies that in (4.2), e iS 2 ∼ O(e −8π 2 /g 2 ) is real.
Thus, our estimate yields
for the difference between the differential decay probability for soliton decay to a two W 0 -particle S = 2, M S = 2 state and that for antisoliton decay to the same two W 0 -particle state.
V. CONCLUDING REMARKS
In this paper, we have presented a relatively simple scenario by which a total divergence manifests itself in a physically observable processes. We considered the effect of adding a CP-odd total divergence to the electoweak theory without fermions. We showed that if Higgs winding solitons exist in such a theory, their decay into a specific final state violates CP through the interference of two topologically distinct decay channels. Finally, for consistency, we should demonstrate how the effect disappears when fermions are included.
If one introduces fermions, the axial anomaly implies that One may also think of the inclusion of the θFF -term as the inclusion of an extra phase on the fermion state, since the phase only appears when a fermion is produced. Thus, the role of the θ-term may be considered as a redefinition of the phase of the fermion state. It should be no suprise that this is precisely the mechanics by which one formally removes the term from the functional integral [4] .
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APPENDIX A: QUANTUM STATES FROM CLASSICAL CONFIGURATIONS
Let us begin with a dissipated classical configuration A ia (x) satisfying the field equation
Here the index i is the spatial vector index and the index a is the isospace vector index (both i, a = 1,2,3). The zeroth component of the field configuration A 0a (x) is dependent on the spatial components through the relationship
The solutions to (A1) may be written as
We may build a quantum coherent state around this classical configuration. If there are no zero modes then this coherent state is given by
where the sum over indices is implied,
and we have chosen the z-axis as the quantization direction in both real space and isospin space (m, q = +1, 0, −1). The quantities (e i ) m and (e a ) q are the change-of-basis matrices to convert from the polarization basis to the spin basis:
and similarly for the (e a ) q .
Translational Zero Mode
Above we implicitly assumed that the center of mass of the configuration A ia (x) was fixed. But by translation invariance, if A ia (x, t) is a solution to the equations of motion, then so is
We may identify the coherent state |f x 0 which is constructed around the configuration
ia (x). Moreover, we may construct an eigenstate with total momentum P from these coherent states via
ia through a relationship of the form (A3). Using that relationship, we see thatf
mq (k). A little algebra gives
Note that the state |f, P contains those elements in Fock space such that i k i = P as we would hope.
Spin-Isospin Zero Mode
Let us focus on case of interest, the two particle component of the coherent state with zero center of mass momentum
Now, there is a zero mode forf mq (k) associated with arbitrary global rotations in isospace.
If we consider only solutions which are in the spherical ansatz [11] , any such rotation may be undone with a real spatial rotation. Thus, the zero mode associated with arbitrary global spatial rotations is equivalent to that associated with global isorotations. The degrees of freedom associated with this zero mode may be parametrized by an element of SU (2), or a point on a 3-sphere:â = a 0 + iτ · a ∈ SU(2) isospin Thus, in a manner analogous to the discussion of the translation zero mode, there is a class of coherent states, {|fâ }, that are built around the classical configurationsfâ mq which are related tof mq by a global isorotation,â. Becauseâ is a point on the 3-sphere, the state |fâ is in a representation of SO(4) = SU(2) isospin × SU(2) rotations . Compare this scenario with the quantization of the zero modes of the Skyrmion [10] . Now, if we require an I = 0 state, we must integrate overâ:
|f, P = 0, I = 0 = dâ |fâ, P = 0 .
This is the lowest isospin state one can construct. Applying this to (A10), after some manipulations using Clebsch-Gordon algebra, as well as exploiting the fact that the original classical solution is in the spherical ansatz, one can show that and N 0,1,2 are normalizations determined from Clebsch-Gordon algebra. Note that the f ia (k) in (A13) are those quantities that appear in (A3). Note also that we recover both a total angular momentum zero as well as a total isopin zero state.
